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ABSTRACT

This thesis focuses on the study of the complexity of the CNOT-based optimal

circuit synthesis problem under directed topological constraints. The

problem is proved to be NP-hard to approximate by means of a prior known
result about the variant with ancillae qubits [1].
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1 Problem statement

Controlled NOT (or CNOT), is a quantum logic gate essential in the construction of quantum
circuits. In particular, it is a 2-arity reversible operator (as all quantum gates) defined as:

CNOT(|z1), |29)) = (|21), |71 ® 25)) (1)
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Figure 1: Graphical representation of the CNOT logic gate.

Here |z,) and |z,) are qubits. Each qubit |z) is a 2D complex vector (|z) € C?), i.e. a vector in
the complex space spanned by the basis:

0= (o)1= (3) )

The truth table! of the CNOT gate is:
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1Since each quantum gate is a linear operator, it can be unambiguously defined by only describing its
behavior on the states of the basis. Note that throughout this thesis, reasoning will be based solely on the
states of the basis, leveraging linearity.



Circuits based only on CNOT gates (as all quantum circuits) are reversible: the transformation
of the input to the output is bijective (i.e. the output can be uniquely mapped back to the input).

This thesis concerns some complexity results about the synthesis of optimal CNOT circuits,
i.e. the problem of minimizing the number of CNOT in a given circuit.

1.1 Matrix formulation (De Brugiére et al. 2021)

The application of a CNOT gate on two input qubits C N OT(l‘i, T j) can be written as a matrix
in the I, Galois field (i.e. where the sum corresponds to the @ operation):

Ejj=1+e; (3)
where:
e [ is the identity matrix;
e ¢;; the elementary matrix with all entries equal to 0 but the entry (i, j) whose value is 1.

|z1) |71)

|z9) —¢— |z3)

|$3> D |zo @ x3)

|24) |24)

Figure 2: Exemplary CNOT gate with ¢ =2, j = 3.
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Figure 3: E, 5 matrix that represents the circuit above.

Now, let us generalize and consider the synthesis of a whole CNOT circuit with input x =
|z, ...,x,,) and output y = |y, ..., y,,,) where each y, = ZjeYi r; (because CNOT gates can only
@ input values) with ¢ € [m] and Y, C {24, ...,x,, }. Define a matrix A such that y = Az.

Finding a CNOT circuit (with n CNOT gates) implementing A? is therefore equivalent to
finding a sequence of matrices E; ; with 0 <4y, j, <n such that:
H Eikjk =A (5)
k=1..n
Since E;L = E, . it can be convenient to rewrite the synthesis as:

tJk 1k Jk
(kH E) A=T (6)

=1..n
where each multiplication with a matrix E; ; corresponds to assigning to the i;-th row the
result of the @& between the 7,-th and j,-th rows:

Ty, T Oy (7)

where 7; is the 7;-th row.

2Note that only reversible A can be synthesized in CNOT circuits.



This shows that the CNOT circuit synthesis® can be reformulated as the problem of
finding a sequence of row operations that transforms the matrix A into the identity
matrix I. Therefore, the number of CNOT gates in the minimal circuit corresponds to the
minimum number of row operations that transforms the matrix A into I.

1.2 Constrained Minimization Variant (Jiang et al. 2022)

In the current real-world quantum gates implementation, in many cases, it is impossible to turn
on some desired interaction between pairs of qubits (DiVincenzo 2000). For this reason it is
interesting to study the variant of the optimization problem with direct topological constraints,
i.e. only certain gates are permitted.

Let &,, be the set of all possible CNOT gates over n qubits.

Definition 1.2.1 (Global Constrained Minimization): The problem, denoted by GCM,
is defined for depth and size. This thesis concerns only the size variant GC(S)M which is
defined as follows:

e Input: Positive integers n, s, non-negative integer m, directed topological constraints
SC&,.n' and CNOT gates gy,...,g9, € S such that C(gy,...,9,) is an n-qubit m-
ancilla CNOT circuit.

o Output GC(S)M (size version): the minimum integer u > 0 such that there exist CNOT
gates hq,...,h, € S and C(gy,...,9,) = C(hy,..., hy,)-

A GCM problem where m =0 (i.e. there are no ancillae qubits) is denoted by
GCM(w/0A).

Following the notation from (Jiang et al. 2022), the problem is said to be Global because it
concerns the minimization over the entire circuit. There exists a variant of the problem (which
is not studied in this thesis) that focuses on local minimization.

2 Complexity results

A known and a novel result on the complexity of the Global Constrained Size Minimization are
presented in this section.

2.1 Global Constrained Size Minimization (Jiang et al. 2022)

Let us introduce the r-Bounded Set Cover problem, which is a generalization of the Set
Cover problem.

Definition 2.1.1 (r-Bounded Set Cover): For any integer r, the problem, denoted by
rBSC, is defined as follows:
o Input:
1. [p]: universe of elements;
2. Wi, ..., W, C [p]: ¢ sets of cardinality 0 < |[W;| <r such that U{_, W, = [p].
o Output: the minimum number of sets W, whose union = [p].

3Without ancillae qubits.
L.e. applying a CNOT g, is only allowed if g; € S.



Theorem 2.1.1 (rBSC is NP-hard): It is NP-hard to approximate rBSC to within a
factor of Inr — O(Inlnr). (Feige 1998; Trevisan 2001)

Theorem 2.1.2 (GC(S)M is NP-hard): It is NP-hard to approximate the size version of
GCM within any constant factor.

Ezample (rBSC < GC(S)M): The hardness of GC(S)M is proved with a reduction from
the rBSC problem defined above. Before stating the proof, a reduction from a rBSC
example instance is analyzed for explanatory purpose.

Let us consider the following instance of rBSC:

o elements: p =3, [p] = [3] = {1,2,3};

o sets: ¢ =3, W, ={1,2}, W, ={2,3}, W; = {1,3};
e bound: r = 2.

Figure 4: Graphical representation of the rBSC explanatory instance.

The optimal solution of the rBSC explanatory instance is k = 2 by choosing any pair of

W, W; with i # j.

From this *BSC instance, the aim is building a GC(S)M instance such that, solving

GC(S)M would give the solution of the initial yBSC problem. The input circuit to be

optimized by GC(S)M is constructed in this way:

o each element in [p] is represented by a qubit |x;)Vi € [p]. In the following paragraphs,
these qubits are called Input Qubits;

o each set W,;Vj € [q] is represented by Ancillae Qubits initialized to |0);
o additionaly, ¢ = p qubits are required.

The desired output is:

e each Input Qubit must be unchanged;

e cach Ancillae Qubit must be unchanged;

e cach C Qubit must be xored with each Input Qubit.



To obtain the desired output the input circuit is constructed in the following way:

o a CNOT gate is added from each Input Qubit z; to the first Ancillae Qubit W; such
that z; € W,. This means that for W, it is added a CNOT gate with all its elements,
for W, with all its elements except the ones in W) and for W5 with all its elements
except the ones in W, and W,;

e a CNOT is added from each Ancillae Qubit to each C Qubit.

1) |z1)
Input g ; : :
Qubits §|x2> 5 5 — |zg)
|z3) |z3)
0) —b—b —>—& 10)
Ancillae
Qubits 10) NZ : D= [0)
10) 0)
Y1) D—P—D ly1 ® 21 ® o @ z5)
C A M AN
Qubits |y2) o—0—=p Yo ® 21 B Ty @ 3)
|ys) S——b lys @ 1 © o O 3)

Figure 5: Graphical representation of the GC(S)M input circuit (a = [p] = {1,2,3}).

The set S in input to GC(S)M is constructed to permit only operations:

1. from Input Qubit x; to Ancillae Qubit W; (grouped in dotted line in the figure), only
if z, € Wy

2. from all Ancillae Qubits to all C' Qubits.

Intuitively, the minimal number of operations of type 1 is equal to the double of the

number of elements 2p:

e there must be at least a CNOT gate with control in each Input Qubit because otherwise
qubits’ parity z;...z, couldn’t be added to C' Qubit’s output y;...y,;

¢ cach one of these gates must appear an even number of times because Ancillae Qubits
are restored to |0).

The minimum number that does not break these properties is 2p.

On the other hand, the minimization of type 2 operations represent the minimal choice
of sets W, such that their union is equal to the universe [p] (because the output of the C
Qubits is set to contain all elements of the universe).

Therefore, minimizing this GC(S)M instance will solve the starting rBSC problem.
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Figure 6: GC(S)M optimized circuit. Intuitively, the “choosen” sets are the once
represented by the first two Ancillae Qubits.

The output of the GC(S)M instance defined above is u = 2p + ck = 2p + pk = 6 + 3 %
2=12.

If there exists a polynomial algorithm that approximates u within any constant factor,
then using the above reduction also k can be approximated within any constant factor.
This contradicts Theorem 2.1.1 (since r is an arbitrary constant in rBSC). Thus, such a
polynomial algorithm cannot exist.

Below, a formalization of the reduction idea given in the above example.
Proof Theorem 2.1.2: The proof is by reduction from rBSC.

Given in input r,p,q, Wy, ..., W, of an instance of rBSC, an input instance (i.e. a circuit

that needs to be minimized) of GC(S)M is constructed such that:

e the circuit has p + ¢ (¢ is a number that will be defined later) input qubits: p (Input
Qubits) represent the elements of rBSC, and the remaining ¢ (C' Qubits) codify the set
cover. Formally, n = p + ¢;

e the circuit has g Ancillae Qubits, each of one represents a set of rBSC. Formally, m = ¢;

e the circuit has 2p + ¢p CNOT gates. Formally, s = 2p + c¢p;

o constraints CNOT gates to be only:

» from Input Qubits to Ancillae Qubits representing the set they belong to. Formally,
Sy =1, j+p)lie Wi€lpljeld};
» from any Ancillae Qubits to C' Qubits. Formally, Sy = {(j + p,t +p+q)|j € [q],t €
[c]}-
Therefore, the constraints are S = §; U .S,;
e the circuit is constructed such that the input is

|21-2)[0) " Y1 Ye) (8)



and the output is

[Z1..2,)[0) ™y, @1y D .. DY) |y, O, D ... B 1y) 9)
More precisely, Vi € [p] let t = (¢ + 2)(i — 1), choose a j € [q] such that i € W}, and set
Jt+1 = Gttpt+2 = (4,7 +p). Then Vt' € [p] set g,y = (J+p,t' +p+q).

|21) |21)
Input
Qubits
|z,) |,)
0) —b D 0)
q Ancillae
Qubits
0) D &— [0)
[y1) S —— |y, @2, 8. @1,
C
Qubits
ly,) —— —— o1, 0.0z,

Figure 7: GC(S)M input circuit.
Let u be the output of this GC(S)M instance.

The claim is uw = kc + 2p:
e Upper bound u < kc 4 2p: assume without loss of generality that Ule W, = [p] and
define:

T, = W\ (Ui W) = {th, -tz (10)
Then we construct a circuit in the following way:
» p gates prepare the i-th ancilla as the parity of each x € T;

» ke gates add the parity of first k ancillae (representing a set) to y,Vi € [c];
» p gates restore the ancillae to their initial value.

The constructed circuit is equivalent to the one in input and its total number of gates
is kp + 2p, thus u < kp + 2p.

¢ Lower bound u > kc + 2p: assume C is the smallest desired circuit. Vj € [c], let V; be
the gates in C from Ancillae Qubits to y, (in particular V; contains the indexes of the
Ancillae Qubits that have a gate to y;). Note that each x; can be added to y, only
through these gates (because of constraints S) and thus z; € Usey, W.. Hence [p] =
U.cy, W.. By the definition of k, Vj |V;| > k. Since each z; must be added to Ancillae
Qubi’ts first in order to appear in yy,...,y,, it must be added again to restore Ancillae
Qubits, which contributes to at least 2p gates. Thus, u > Z‘;: 1H/J'| + 2p > kc + 2p.

Now, suppose there exists a polynomial algorithm that approximates v within any constant
factor. Let us call u’ an approximation of u* (the true minimum) within a constant factor
obtained with a polynomial algorithm:



u*

— <u < au* 11
a_u_au (11)

From " an approximation k" of the optimum of rBSC k* can be obtained:
u — 2p

K= (12)

The following bounds would be valid for the approximation:

(0% (67

(13)
k< akl +202 — 2P
c c
and
2p + ck’ = v < au* = a(2p + ck¥)
K o2 14
e T (14
a  ac c
To show that £* can be approximated within a constant factor, ¢ it is set ¢ = p:
K2
—+ - —2< kK <akl+2a—2
a o«
(15)

k;/
@() < k* < O(ak’)
o
This would mean that there exists a constant factor approximation for k for any constant

factor a.

Since r is an arbitrary constant in rBSC, this approximation would allow to approximate
the optimum of ¥BSC within a factor of Inr — O(Ilnlnr).

This violates Theorem 2.1.1. Thus, such a polynomial algorithm cannot exist. O
2.2 Global Constrained Size Minimization without Ancillae

Noticing that ancilla qubits are restored to their initial value, one could ask whether the problem
without ancillae qubits is still NP-hard.

Ezample (rBSC < GC(S)M(w/0A)): Let us consider the same circuit introduced in the
example above, but replacing ancillae qubits with input qubits.



Input : : : :
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Figure 8: Erroneous GC(S)M(w/0A) input circuit.

The fact that the Fz Ancillae Qubits are now input qubits changes the output of the
circuit. The optimization of this circuit would not correspond to the initial rBSC problem
because would require the chosen sets to be already coded in the output of the circuit.

To restore the desired output, the input circuit can be adjusted in the following way:

o) 1)
Input |- : : :
Qubits §|x2> § : : |z)
|a;) ——D SPARSY |ay)
Ex Ancillae
Qubits |az) NZ : S |as)
las) las)
Y1) O—P—D 0 |y, O, 1y, D ry)
¢ DD M DD M
. 2 TP o—9— s D x DTy D1y
Qubits [v2) [y ® 1 ® 2y @ x3)
|y3) o—0— D00 [y © 2, Dy ® 3)

Figure 9: GC(S)M(w/0A) input circuit.

Following the reasoning of the last example, minimizing this circuit would result in:
u=2kp+2p (16)
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Figure 10: Optimized GC(S)M(woA) circuit.

Theorem 2.2.1 (GC(S)M(w/o0A) is NP-hard): It is NP-hard to approximate the size
version of GCM without Ancillae Qubits within any constant factor.

Proof Theorem 2.2.1: The proof is by reduction from rBSC.

Given in input r,p,q, Wy, ..., W, of an instance of rBSC, an input instance (i.e. a circuit

that needs to be minimized) of GC(S)M is constructed such that:

« the circuit has 2p + ¢ input qubits: p (Input Qubits) represent the elements of rBSC,
p (C Qubits) codify the set cover, and the remaining q (Ex Ancillae Qubits) represent
sets of rBSC. Formally, n = 2p + ¢;

e the circuit has 2p + 2p? CNOT gates. Formally, s = 2p + 2p?;

o constraints CNOT gates to be only:

» from Input Qubitsto Ex Ancillae Qubits representing the set they belong to. Formally,
5 = {(%‘7%)“ e W, je 9]}
» from any Ex Ancillae Qubits to any C Qubit. Formally, S, = {(aj, y.)lj € ld],z € [p]}
Therefore, the constraints are S = §; U S,;
e the circuit is constructed such that the input is

[Z1czp)|aya) ™ Yy y,) (17)

and the output is
|z1. .z )]ag..ap) ™y @31 © ... B TY). |y, DT, D ... D Ty) (18)
More precisely, Vi € [p] let t = (2p +2)(i — 1), choose a j € [q] such that i € W}, and

set gy11 = Grypra = (T5,0;). Then Vz € [p] set g, 441 = Gorprern = (a5, 92).

10
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Figure 11: GC(S)M(w/0A) input circuit.
Let u be the output of this GC(S)M instance.

The claim is u = 2kp + 2p:
e Upper bound u < 2kp + 2p: assume without loss of generality that Ule =W, = [p]
and define:

T, =W\ (Ui W) = {5, ... tip, (19)
Then we construct a circuit in the following way:
» p gates prepare the i-th Ex Ancilla as the parity of each z € T};
» kp gates add the parity of first k Fz Ancillae (representing a set) to y,Vi € [p];

» p gates restore the Ex Ancillae to their initial value;
» kp gates remove the parity of the first k¥ Ex Ancillae from y,;Vi € [p].

The constructed circuit is equivalent to the one in input and its total number of gates

is 2kp + 2p, thus v < 2kp + 2p.

e Lower bound u > 2kp + 2p. Assume C is the smallest desired circuit:

» 2kp: Vj € [p], let V; be the gates in C from Ex Ancillae Qubits to y; (in particular V;
contains the indexes of the Fx Ancillae Qubits that have at least a gate to yj). Note
that each x; can be added to y; only through these gates (because of constraints
S) and thus i € U.ey, W.. Hence [p] = Usey, W.. By the definition of k, Vj V| > k.
Since the output of the C Qubits does not contain the value of the Fx Ancillae Qubits,
each gate from Fx Ancillae Qubits to C' Qubits must be repeated an even number of
times (i.e. there are at least 2 [V| gates);

» 2p: since each x; must be added to Ez Ancillae Qubits first in order to appear in
Y15 - Ye, it must be added again to restore Ex Ancillae Qubits, which contributes at
least 2p gates.

Thus, u > 25:1 2|V + 2p > 2kp + 2p.

Since u = 2kp + 2p and r is a constant factor, can be proven that GC(S)M(w/oA) is NP-
hard to approximate by following the same reasoning of Theorem 2.1.2. O

11



Observation 2.2.1: At a first glance seems that input qubits are more “powerful” then
ancilla qubit. This is because in the proof of Theorem 2.1.2 ancillae qubits are restored
(which in general isn’t required). However, this is not the case: the problem of synthesizing
a circuit with and without ancillae are two distinct problems.

Let us consider a circuit without ancillae qubits where:
¢ the input is:
|55, BB oo 5 (20)
e the output is:
|z, ® To, T, B Tg, ..., T,,) (21)

Such a circuit cannot exist. It can be proved by looking at the matrix formulation of
the problem:

110 0

110 0

00 (22)
3 2 J(n—2)x(n—2)

00

Since it contains two linear dependent rows it cannot be turned into I™*"™ by & row
operations.

But as soon as an input qubit is replaced with an anicllae qubit the synthetization
becomes trivial:
e the input becomes:
|21, Zg, s Ty —1)]0) (23)
¢ the output becomes:
|21 © T, T1 © Toy oery Tpy_1)| —) (24)

The synthesized circuit looks like this:

|z1) P— |z, D xy)

|z5) D |71 © z5)
|0) —D |Z5)

|Z,,) |,,)

2.2.1 Matrix formulation
The problem variant GC(S)M(w/0A) can be expressed in matrix form by following the reasoning
in Section 1.1.

Ezample (Matriz formulation): Let us express the reversible function expressed in the
circuit of the previous example by constructing the matrix A such that it maps the

12



input qubits i = |2y...2,)|0)*"|y;...y,) to the output o= |zy...7,)[0) "y, 2, & ... ®
)|y, @7 ® ... DT,).

0,
0! (25)
0,

Figure 12: GC(S)M(w/0A) circuit function in matrix form. Red rows are Input Qubits;
blue rows are Ex Ancillae Qubits; green rows are C' Qubits.
o= Ax (26)
To complete the definition of the problem, the constraints’ set S allows only @ operations
between rows that correspond to type I and type 2 operations.

The goal is finding the minimum number of allowed row operations that transforms A
into the identity matrix I.

In general, any GC(S)M(w/0A) circuit function can be expressed as a matrix A with row
constraints S.

~
=
X
&S]
(@)
=
X
=}
(@)
=
X
&S]

where:

o I ig the identity matrix with i rows and 7 columns;

e 0% is the matrix with all Os with ¢ rows and j columns;
e 1™J is the matrix with all 1s with 7 rows and j columns.

2.3 Vertex cover < (Kang 2023)

A relaxation of the result Theorem 2.2.1 was already proven in (Kang 2023) where it is
shown GC(S)M(w/0A) is NP-hard. Below, a revisited version that uses matrix formulation
is presented.

Definition 2.3.1 (Vertex cover): A vertex cover V' of an undirected graph G = (V, E) is
a subset V' C V, such that for any (u,v) € E, u € V' or v € V', i.e. at least one endpoint
of every edge is in the vertex cover V'. The vertex cover problem, denoted by VCP, is
defined as follows:

e input: a graph G = (V, E) and an integer k;

o output: whether there exist a vertex cover V' C V in G such that [V’| < k.

13



Theorem 2.3.1 (VCP is NP-complete): The vertex cover problem is NP-complete (Sipser
2013).

Theorem 2.3.2 (GC(S)M(w/0A) is NP-hard): Global constrained size minimization of
circuits without ancillae qubits is NP-hard.

Proof: The proof is done by reduction VCP < GC(S)M(w/0A). Let us consider an input
graph G(V, E) of VCP such that:
« V=1Ip];

« E= {(ul,vl), (UgyVg)y ey (uq,vq)} for some w,,v; € [p]°.

Let n=p+q+1. A GC(S)M(w/0A) instance with function matrix n x n A and @ row
operation constraints S is built from any VCP in the following way.

Let M be the matrix p x ¢:

q
M=0"4+> "¢, . (27)

=1
where e, ; ; is the matrix p x ¢ with all cells = 0 except the element on row r and column %,

and the element on row r and column j that are = 1. Intuitively, every row of M represents
an edge with its nodes set to 1.

R
0 :
1t [pXp opxqg
A=10____ 3
1 |
M [axqa
1 J

S allows only the following @ row operations:

1. from the first row (red box) to any row in the blue box";

2. from any blue row, that represents a node in VCP, to the green rows that represent
edges connected to it.

The claim is that the solution of this GC(S)M(w/0A) is u = 27 + 2q where 7 is the
solution of the starting VCP:
o Upper bound u < 27 4 2q. Let V' be the minimum vertex cover of G(V, E), let us
define a reduction of A to I:
1. for each edge (u;,v;)% i € [¢] with both u,;,v, € V', perform the @ row operation
Titpti € Tiepti D 14y, - Each of these operations remove a “17 in M;
2. for each u; € V' perform the & row operation 7y, < 714, @ ry. These operations
add a “1” in the first column of the blue box. In total these are 7 operations;
3. for each edge (u;,v;)? i € [g], perform any & row operation 7y ,.; <= 714 py; © 14y,
and 71,4 ¢ T14ppq D 714, that was not already performed in step 1. Each of these

>The couples (u;, v;) are unordered; i.e. if (u;,v;) € E then (v;,u;) ¢ E.

2 71 17 71
The phrase “@® row operation from r; to r,;” denotes the assignment r; <, ®r;.

14



operations remove a “1” in M and a “1” in the first column. In total, combined with
step 1, these are 2q operations (two for each edge);
4. repeat step 2 to remove the “1”s in the first column of the blue box.

Correctness of this circuit (i.e. it maps the input to the expected output):

» the sub-matrix M becomes 0P*¢ because of step 1 and step 2 operations. Each couple
operation (on each edge (u;,v;)) removes the parity of each e; , , with i € [g];

» the first column of “1”s in the green box is removed because for each edge, the
parity of the first row r; (red box) is added exactly once. To prove it, two cases
are distinguished:

— an edge (u;, v;) has both u;,v; € V’. Then, the parity is added exactly once because
Tipti € Tippri D T1qy, is performed before 7y, < ryy, @7y, while rq ., <
T1pti @ Tigy, is performed after ry, < ry, @71;

— an edge (u;,v;) has only u, € V' @ v, € V'. Without loss of generality let us
consider the case u; € V' Av; ¢ V’. Then, the parity is added exactly once because
Tigpti € Tigpri D iy, Is performed after ry,, <7, &ry, while ri, <

T4y, @71 Is never performed.

Note that an edge (u;,v;) with u,;, v, ¢ V' cannot exist for how V" is defined.

17 71

The total number of @& row operations is 27 4+ 2¢. Thus, it must holds that u < 27 + 2q.

Lower bound u > 27 4+ 2gq:

» let {, be the set containing the indexes of all target nodes of the row operations
performed from the red row r;. If |V| < 7 then there exists some edge i € [¢] such
that u;,v; € V;. This would mean that the first “1” in the i-th green row could not
be removed: it is a contradiction. Thus, at least 7 operations to different blue rows
are needed. Since blue rows must be restored each operation must be repeated an
even number of times. Therefore the total number of operations from red to blue
rows must be > 27;

» the matrix M contains exactly 2¢ “1”s that needs to be removed. The only option
to remove them is via > 2¢ operations from blue to green rows.

Thus, in total, at least u > 27 4+ 2¢ operations are needed.

Therefore u = 27 + 2¢, and GC(S)M(w/0A) is NP-hard. O

3 Conclusion

This thesis reviewed prior results on the complexity of the size minimization problem for
CNOT circuits. Additionally, a novel result was proposed: it is NP-hard to approximate the size
minimization problem of CNOT circuits (without ancillae qubits) under directed topological

constraints. However, several fundamental questions in this area remain unanswered:

Further research is needed to address these questions and deepen the understanding of the

Does the problem remain NP-hard when no topological constraints are imposed?
Is the problem still NP-hard under undirected topological constraints? A conjecture
regarding the NP-hardness of this case was proposed in (Kang 2023), but it remains an
open problem.

computational complexity of CNOT circuit optimization.
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